The assessment of diversity and similarity is relevant in monitoring the status of ecosystems. The respective indicators are based on the taxonomic composition of biological communities of interest, currently estimated through the proportions computed from sampling multivariate counts. In this work we present a novel method able to work with only one sample to estimate the taxonomic composition when the data are affected by overdispersion. The presence of overdispersion in taxonomic counts may be the result of significant environmental factors which are often unobservable but influence communities. Following the empirical Bayes approach, we combine a Bayesian model with the marginal likelihood method to jointly estimate the taxonomic proportions and the level of overdispersion from one sample of multivariate counts. Our proposal is compared to the classical maximum likelihood method in an extensive simulation study with different realistic scenarios. An application to real data from aquatic biomonitoring is also presented. In both the simulation study and the real data application, we consider communities characterized by a large number of taxonomic categories, such as aquatic macroinvertebrates or bacteria which are often overdispersed. The applicative results demonstrate an overall superiority of the empirical Bayes method in almost all examined cases, for both assessments of diversity and similarity. We would recommend practitioners in biomonitoring to use the proposed approach in addition to the traditional procedures. The empirical Bayes estimation allows to better control the error propagation due to the presence of overdispersion in biological data, with a more efficient managerial decision making.
Introduction
Statistical measures of diversity and similarity (Rao, 1980) are fundamental indicators for the assessment of biodiversity and the monitoring of biodiversity dynamics in space and time (Pielou, 1975; Magurran, 2004; Gotelli and Chao, 2013) . This is relevant in environmental management as changes in observed trends and patterns are often related to changes in the status of ecosystems (Spellerberg, 2005; Matthews and Whittaker, 2015) . To assess such changes, a large variety of indices are typically used (Birk et al., 2012) . In general, statistical measures of diversity and similarity are based on the sampling estimates of proportions which describe the composition of biological communities in categories of taxonomic rank (e.g. species or genera). Commonly, these estimates are the sampling proportions obtained through the maximum likelihood method under the Multinomial model (Pielou, 1969) . Despite this assumption, estimates of taxonomic composition could present unexpected variability across the environmental domain where the data are collected. For instance, in aquatic biomonitoring, benthic taxa are an important indicator to assess and control the quality of rivers, lakes, and lagoons (Pfeifer et al., 1998; Birk et al., 2012) . However, estimates of species proportions from distinct samples of the same aquatic environment often exhibit higher variation than what is expected by the adopted model (Warton and Guttorp, 2011; Qian and Cuffney, 2014) . This lack of homogeneity in the sampling variability may be due to the action of significant factors which are unobservable but influence the behaviour of the individuals in the population, introducing extra variation in the data, with bias and noise in the inferential results. The described phenomenon is well known as overdispersion (Clapham, 1936) , formalized with count data in the seminal paper by Bliss and Fisher (1953) and then extended in McCullagh and Nelder (1983) , Cox (1983) , and Breslow (1984) . Overdispersion represents extra variation of the response variable with respect to the hypothesized model and "can be interpreted as brought about by failures of some basic assumption of the model" (Xekalaki, 2014) . In particular, with ecological count data, overdispersion may be observed because the adopted model does not account for extra variation caused by the effect of clustering among the individuals and the presence of heterogeneity in the composition of the population (Richards, 2008; Etterson et al., 2009; Linden and Mäntyniemi, 2011; Harrison, 2014) . In the literature there are several approaches to account for the presence of overdispersion with count data and they can be combined with each other. For instance, the use of appropriate designs, such as stratified and adaptive sampling (Thompson, 1992; Levy and Lemeshow, 2008; Manly and Navarro Alberto, 2015) ; the introduction of specific overdispersion parameters in the statistical models (McCullagh and Nelder, 1983; Lindsey, 1995) ; the application of regression methods when information about the sources of variability is available (McCullagh and Nelder, 1983; Lindsey, 1995; Hilbe, 2011; Linden and Mäntyniemi, 2011) ; or the adoption of suitable distributions, such as the zero-inflated Poisson, the Negative Binomial, or the Negative Multinomial distributions (Etterson et al., 2009; Kokonendji, 2014) . Like other sources of variability, the added variation introduced by overdispersion can result in less accurate estimates of the indices used. In the context of ecosystem management, the consequences of the ensuing error propagation into ecological status assessment of ecosystems can cause costly erroneous managerial decisions that could result in either unnecessary restoration efforts or in the failure to conduct restoration efforts where they are in fact needed.
In the present paper we propose a Bayesian model to estimate the composition of biological populations in taxonomic categories when the observed multivariate counts are affected by overdispersion. In the construction of our proposal, we consider the compound method that was introduced by Greenwood and Yule (1920) in the field of actuarial statistics; further specified in Feller (1943) , Bates and Neyman (1952) , Patil (1962 Patil ( , 1965 , and Mosimann (1962) ; with applications presented in Nelson (1984 Nelson ( , 1985 , Chen and Li (2013) , and de Valpine and Harmon-Threatt (2013) . The model is based on the conjugate property of the Dirichlet distribution for the Multinomial likelihood (Diaconis and Ylvisaker, 1979) . The inferential approach is empirical Bayes (Carlin and Louis, 2000) and the concentration parameter of the adopted (noninformative) symmetric Dirichlet prior is estimated by the maximum marginal likelihood which is applied to the respective compound Dirichlet-Multinomial model (Mosimann, 1962) . As in Nelson (1984 Nelson ( , 1985 , we do not consider the use of explicative variables. Our primary goal is a proper estimation of the taxonomic composition in order to achieve a more robust assessment of the biological diversity and similarity when data are affected by overdispersion and no covariates are available. To do so, we present a simple method able to work when only one sample of multivariate counts is observed. Our proposal is particularly appropriate to monitoring of diversity and similarity when the composition of the community is characterized by a large number of taxonomic categories with mostly few specimens, such as e.g. diatoms, aquatic macroinvertebrates, or bacteria. To assess the impact of our proposed approach on the behaviour of indices, we present an extensive simulation study with several levels of overdispersion and sample size. We consider three theoretical types of communities: quasi uniform evenness, with species distributed approximately with the same level of abundance; smooth evenness, with a gradually increasing pattern of abundance; and concentrated evenness, with significant abundance only in few of the species. Through the simulations, the empirical Bayes estimates are compared to the Multinomial maximum likelihood estimates in terms of statistical results referred to a selected set of diversity and similarity indices. The chosen indicators in this paper are the Shannon entropy (Shannon and Weaver, 1963) , the Simpson diversity (Simpson, 1949) , the percent model affinity (Renkonen, 1938; Novak and Bode, 1992) , and the Euclidean similarity (Clifford and Stephenson, 1975) . The paper is organized as follows. Section 2 reviews the necessary background about overdispersion in multivariate counts and introduces our approach. In Section 3 we present the Bayesian model in detail and the empirical Bayes inference to estimate the composition proportions from one sample of data. In Section 4 we illustrate the results of the simulation study with application to the assessment of diversity and similarity whilst an application with data from aquatic biomonitoring is presented in Section 5. Finally, in Section 6 conclusions are drawn and potential extensions are discussed.
Multivariate counts with overdispersion
Let us consider a biological population of individuals P defined on a universe of interest U which is characterized by two parameters: a positive quantity λ, that represents the expected number of individuals in a specified universe unit U , and a vector π = (π 1 , ..., π k ) of nonnegative proportions normalized to unity, that represents the composition of the population P in a set of given k categories {c 1 , ..., c k }. In this setting, we partially follow terminology and notation as presented in Stehman and Overton (1994) and Wang et al. (2012) , and refer to the universe U as the ecological environment of interest where the biological population P is defined on. Therefore, P represents an attribute or response of U (Stehman and Overton, 1994) . In particular, we consider the case in which the environment U is a continuous physical space (such as the area of a forest or the benthic area of a lake, for instance), the population P is the set of individuals of interest living in the environment U (such as the birds in the forest or the benthic macroinvertebrates who populate the lake), the categories {c 1 , ..., c k } are taxonomic categories (such as the species of birds or the macroinvertebrate taxa), and the universe unit U is defined as the sampling unit, that is the frame of environment specified in the sampling design that can be collected from U (such as the plot of fixed size in a grid overlapping the geographical area of the forest or the typical volume of water that can be sampled at any location of the area of the lake). From a sampling point of view, λ can be interpreted as the number of individuals expected in a potential random sample S of unit size, that is the expected sampling abundance; and each proportion π j as the probability that an individual, randomly selected from the individuals collected in S, belongs to the respective taxonomic category c j . Notice that, in this setting, the quantity λπ j is the expected total of the taxon c j and represents the tendency to observe individuals from that taxonomic category in a random sample of unit size. When a generic sample S has a size different from the universe unit, the number of expected individuals is given by λv S , where v S is the relative size of S with respect to the size of U . Without loss of generality, we consider samples of unit size under a simple random design (Thompson, 1992; Levy and Lemeshow, 2008) . In general, given a random sample S of unit size, for each j (with j = 1, ..., k), we denote by x j the count of individuals observed in the taxon c j and assume that each x j follows a conditionally independent Poisson distribution with mean λπ j
Hence, the total number of individuals n = k j=1 x j observed in the sample S is also Poisson distributed with mean λ
We refer to n as the sample size in terms of the number of individuals collected in the sample S. Further, the conditional joint distribution of x = (x 1 , ..., x k ), given the vector π and the sample size n, is Multinomial
where I(Σ j x j −n), with I(z) = 1 only when z = 0 and null otherwise, is the indicator function to account for the constraint k j=1 x j = n. Commonly, a suitable estimateπ = (π 1 , ...,π k ) of the composition parameter π can be obtained by the maximum likelihood method witĥ
for every j = 1, ..., k (Pielou, 1969) . A typical pattern of data described by combining Equation (2) with Equation (3) is visualized in Figure 1 .a in which a population of points is simulated over a spatial environment with the same level of abundance and with the same composition in three taxa (coloured in blue, red, and yellow respectively) across the whole area. The 5 × 5 grid of plots overlapping the environment denotes the set of potential samples of unit size that can be collected in U.
In this example, the expected number of points in each plot is λ = 12 and the distribution into the three taxonomic categories is given by π = (0.40 0.25 0.35).
The pattern in Figure 1 .a represents an ideal situation in which the population P responds to the environment U coherently with respect to the probabilistic model specified by Equations (2) and (3). The point pattern and its composition are homogeneous across the whole environmental space and this is the tacit general assumption underlying current bioassessments. Unfortunately, real situations may present patterns significantly different from such ideal configuration and it is not always possible to control for the potential lack of homogeneity, because the environmental determinants affecting the population P may be latent and unobservable.
To describe more realistic processes, it is necessary to interpret the parameters λ and π as random quantities varying across the environmental domain U. This approach allows us to include additional uncertainty in the sampling abundance and composition not present in the ideal pattern of Figure 1 .a. In particular, the interpretation of λ and π as random parameters allows us to describe the specific patterns of clustering in the population P and heterogeneity in its composition respectively. Due to the action of latent factors that can affect the behaviour of the individuals living in the environment U, both heterogeneity and clustering are central sources of overdispersion (Xekalaki, 2014) .
<Figure 1>
In general, clustering occurs when the individuals of the population P do not occupy the space of the environment with a constant level of abundance (Xekalaki, 2014) . Therefore, the parameter λ changes over U and the concentration of individuals in each environmental unit may be different from each other. As a consequence, the data may present larger variation in the sample size than what is expected by the Poisson model of Equation (2). This experimental situation is visualized in Figure 1 .b where the points in each plot are characterized by a specific value of expected abundance, with an evident clustering effect across the environment U. Heterogeneity occurs when the individuals of the population P occupy the space with the same level of concentration but with the taxonomic composition varying over U (Xekalaki, 2014) . As a direct effect, the data may present extra variation in the sampling counts with different patterns of points across the environment not expected by the Multinomial model in Equation (3). This is visualized in Figure 1 .c where the compositions in three categories are different by plot, but no clustering effect in the population is present. The most serious but very common situation is when latent factors induce both clustering in the population P and heterogeneity in its composition across the environment U, with data that may present extra variation in both the sampling size and the taxonomic counts. A typical configuration of this type of samples is shown in Figure 1 .d where the simulated points exhibit patterns with clusters of points and different compositions across the set of plots overlapping U.
Hence, when ecologists use the empirical proportions in Equation (4) to assess diversity and similarity, they are assuming the Poisson-Multinomial hypotheses of Equations (2) and (3) as valid. These hypotheses are underlying patterns like the one in Figure 1 .a, but in most of real situations data exhibit patterns more similar to Figure 1 .d. Therefore, the maximum likelihood estimation is inefficient in assessing diversity and similarity in communities where the combined effect of clustering and heterogeneity can produce configurations with high levels of overdispersion. It is necessary to consider more efficient methods when data show this type of patterns. In the following Section 3 we present in detail the empirical Bayes approach with the ability to overcome the aforementioned problems.
Bayesian model and empirical Bayes estimation
In general, when the parameters of interest are considered as random quantities, a direct approach to make inference about those parameters is the application of a Bayesian scheme. Therefore, the randomness necessary to account for extra variation in the data can be interpreted as prior uncertainty.
In the present setting, our goal is the estimation of the composition parameter π, with respect to a population of individuals classified into k pre-determined taxonomic categories. To account for the potential presence of overdispersion in data, we adopt the empirical Bayes approach (Carlin and Louis, 2000) , with a Bayesian model based on the conjugate property of the Dirichlet distribution for the Multinomial likelihood (Diaconis and Ylvisaker, 1979) . We assume that the parameter π follows a noninformative symmetric Dirichlet prior, whose concentration parameter is estimated through the marginal likelihood obtained by the compound Dirichlet-Multinomial model (Mosimann, 1962) . The marginalization of the likelihood combined with the prior represents a standard in empirical Bayes to get a prior guess of the hyperparameters from the data. Notice that our proposal is designed for situations where only one sample is observed, with the restriction that the expected sample size λ is considered unknown but not random. Therefore, in this setting, the specific overdispersion due to clustering cannot be properly modelled and can be only partially accounted for.
Likelihood. We consider that data are observed from one sample S of unit size which is randomly collected from the environment U. In particular, given the composition parameter π and the sampling abundance n, we assume that the sampling count data x follow the Multinomial model in Equation (3).
Prior. We formalize the uncertainty about the composition parameter by a noninformative prior and assume that π is distributed following a symmetric Dirichlet distribution
where Γ(z) is the canonical gamma function and η > 0 is the concentration parameter governing the level of prior uncertainty. In particular, when η is small, the prior uncertainty is large while with large values of η the prior uncertainty declines. Furthermore, notice that the distribution in Equation (5) is defined on the k − 1 simplex ∆ k−1 , due to the constraint
) over the taxonomic categories.
Posterior. Through the Bayes theorem, the posterior is obtained as the conjugate distribution of the Multinomial likelihood and given by
Marginal Likelihood. In order to specify the value of the hyperparameter η, we estimate this quantity from the maximization of the marginal likelihood which is obtained through the compound Dirichlet-Multinomial integration (Mosimann, 1962) L(η; x, n) =
Notice that the integration in the above equation is defined over the simplex ∆ k−1 with the respective integrating measure that we denoted by d k−1 π for simplicity of notation. Then, a simple solutionη, approximating the maximization of Equation (7), is obtained by the Newton-Raphson iterative equation
are the first and second derivatives of the log-likelihood l(η; x, n) = log L(η; x, n) respectively. Notice that the second summation in the second term of both first and second derivatives is cancelled and skipped in the case of x j = 0.
Empirical Bayes estimation. Then, by plugging the valueη into Equation (5), the empirical Bayes estimate of each proportion π j is obtained from Equation (6) by the respective posterior meanπ
for every j = 1, ..., k.
Methodological contribution. The concentration parameter η represents the level of uncertainty included in the Dirichlet prior necessary to account for potential overdispersion in the data. The contribution of the present work concerns the ability to estimate η from only one sample, although η plays the role of dispersion parameter as it controls the marginal variance of each π j derived from Equation (5)
.
By adopting a symmetric Dirichlet prior, the taxonomic labels c 1 , ..., c k are a priori exchangeable and the marginal likelihood in Equation (7) results composed by the exchange-
with respect to the index j. Therefore, marginally, the values x 1 , ..., x k are similar to the realizations of exchangeable and identically distributed variables, and the estimateη represents the average level of concentration obtained from the sampling information with the compound Dirichlet-Multinomial likelihood, assuming the noninformative symmetric Dirichlet prior to be valid.
Simulation experiments
In order to investigate the performance of our approach, we present an extensive simulation study in which we compare the empirical Bayes (EB) estimation presented in Section 3 to the classical maximum likelihood (ML) method based on the Multinomial model. In particular, we compare the sampling distributions of diversity and similarity indices when the two aforementioned methods are used.
We build a simulation model to produce samples with varying amount of overdispersion, estimate the proportions of each category from the samples using the EB and ML methods, and calculate diversity and similarity indices based on these estimates. Our goal is to discover under what circumstances the estimators yield the best results, i.e. sampling index values are closest to the population index value calculated with respect to the community true composition. Our simulation model is based on the setup of Section 2: in each simulation, for every category c j , the respective count x j is sampled from the Poisson distribution in Equation (1) with parameter λπ j . To include overdispersion in data, the parameters λ and π are considered as random variables and generated from appropriate probability distributions. In particular, the expected sample size λ is simulated from the Gamma distribution
with the parameters α and β controlling the level of sample size and the amount of overdispersion due to clustering. Respectively, the composition vector π is simulated from the Dirichlet distribution with parameter θ = kγπ *
where
is the true composition and γ is the concentration parameter controlling the amount of overdispersion due to heterogeneity. Notice that the concentration parameter is scaled by k simply to better handle simulated data in situations with different number of categories (k) but with the same level of overdispersion (γ).
We consider three types of community profile π * , representing different patterns of taxonomic composition commonly observed in real applications: quasi-uniform evenness, smooth evenness and concentrated evenness. Without loss of generality, we define the three patterns in terms of the quantity π * j increasingly ranked with respect to j, with j = 1, ..., k. Therefore, c j represents the j-th less populated taxonomic category with the true proportion π * j . In detail, the quasi-uniform evenness describes a community where all taxonomic categories are approximately equally common, with the respective ranked value π * j defined in terms of a linear function (almost flat) of the quantity j/k normalized to unity. Second, the smooth evenness represents a set of proportions gradually increasing, with the ranked π * j as a cubic function of j/k normalized to unity. Third, the concentrated evenness describes communities where there are a few dominant categories and the rest are rare, with the ranked π * j as a linear function of (j/k) 50 normalized to unity. The three evenness patterns are shown in Figure 2 respectively. <Figure 2>
In our simulation experiments, we investigate varying amounts of overdispersion due heterogeneity (controlled by γ) and due to clustering (controlled by β, given α) with respect to different levels of sample size (controlled by α). In summary, for each class of experiments, our simulation model can be represented by the following general scheme:
-set the number of categories k and set the number of samples m -set the true vector π * in accordance to k;
-set the parameters α, β, and γ and set θ = kγπ * ;
-for each sample (from 1 to m):
· simulate λ from the Gamma in Equation (9);
· simulate π from the Dirichlet in Equation (10);
· simulate x j from the Poisson in Equation (1), for every j = 1, ..., k;
-stop.
Each class of experiments corresponds to a specific scenario and setting of the parameters α, β, and γ. In detail, we consider three levels of overdispersion due to heterogeneity: high, medium, and low with the corresponding γ equal to 1, 10, and 100 respectively; and only one intermediate level of overdispersion due to clustering, with β = 0.1. Combined with the three values 20, 50, and 100 for α; this gives the expected sample size λ equal to 200, 500, and 1000 respectively. For each class of experiments, we consider m = 1000 samples, while the number of taxonomic categories is fixed to k = 200 in order to represent situations with a high but biologically often common level of richness. After data are simulated, for each class of experiment and for each sample in that class, we compute the estimates of the true composition profile π * with the EB method and the ML method, obtaining the two vectorsπ EB (using Equation (8)) andπ M L (using Equation (4)) respectively. Afterwards, we use these estimates to assess diversity and similarity in the simulated samples. Notice that the simulation procedure and the Bayesian model used in the empirical Bayes estimation are different as the simulation model includes two sources of overdispersion, clustering and heterogeneity. For diversity indices, we consider the Shannon entropy (Shannon and Weaver, 1963) and the Simpson diversity (Simpson, 1949) . The Shannon entropy
originating from information theory (Shannon and Weaver, 1963) remains one of the most popular diversity indices used in ecology (Magurran, 2004) while the Simpson diversity index
is one of the most robust diversity measures and gives more weight to the most abundant species in the sample (Magurran, 2004) . To study how overdispersion affects the assessment of similarity, we use the percentage similarity of Renkonen (1938) , which Novak and Bode (1992) refer to as the percent model affinity (PMA). The PMA is typically used to measure the similarity of two samples but here we use the respective PMA index to measure the similarity of the estimated profileπ (π EB orπ M L ) with respect to the true profile π * , that is
While the PMA index I uses the absolute difference between two profiles, the Euclidean similarity is calculated with the squared Euclidean distance (Clifford and Stephenson, 1975 )
For every index (H, D, I, and E), one estimation method outperforms the other when the respective sampling distribution of index values tends to be closer to the true index value, i.e. when the respective sampling variation combined with the level of bias is smaller. This information is presented in Tables 1-4 where Shannon entropy (Figure 3 and Table 1 ). In general, the EB method performs better than the ML method and results in a less biased estimation with a smaller sampling RMSE. As expected, when the expected sample size increases (α grows) or the level of overdispersion due to heterogeneity declines (γ increases) the ML approaches the EB estimation. ML shows a general tendency to underestimate the Shannon entropy while the EB overestimates it, but EB has a better level of unbiasedness. The variation of both methods is larger for the concentrated composition, however it decreases with increased expected sample size for all the compositions. For the quasi-uniform evenness, the EB always outperforms the ML estimation, and significantly so when the overdispersion is high (γ = 1) in samples of small size (α = 20). For the smooth profile, the EB method tends to overestimate the entropy when the level of overdispersion decreases (γ = 10, 100) in samples of small and intermediate size (α = 20, 50), but retains a better level of unbiasedness when compared to the ML method. Further, with the smooth composition, the EB method performs significantly better when the overdispersion is high (γ = 1), independently of the sample size. For the concentrated profile, the superior performance of the EB estimation is also evident as it is always less biased than ML. Tong (1983) studied the properties of the Shannon entropy under the Multinomial model and showed that its bias vanishes when the sample size increases (Theorem 3). We observed this phenomenon when there was low overdispersion in the data (γ = 100), with the simulated model generating samples more similar to Multinomial counts.
Simpson diversity (Figure 4 and Table 2 ). In general, the behaviour of the Simpson index is quite similar to the behaviour of the Shannon entropy. The main difference is that the ML method tends to overestimate the true value D * . In the cases of quasi-uniform and smooth profiles, the same observations made about the Shannon entropy are also valid for the Simpson index, with the EB estimation generally outperforming the ML estimation. For the concentrated evenness, the EB method outperforms the ML method only when the level of overdispersion is high (γ = 1), independently of the sample size. When the overdispersion is intermediate or low (γ = 10, 100), the EB method underestimates the true value D * while the ML method produces less biased results and outperforms EB, especially with samples of intermediate and large size (α = 50, 100). For these 6 scenarios the maximum likelihood sampling RMSE is smaller than the empirical Bayes sampling RMSE. Further, when the profile is concentrated, both procedures produce estimates with larger variation.
PMA index ( Figure 5 and Table 3 ). Also for the PMA index, EB performs generally better than ML, although both methods heavily underestimate the true value I * = 1 (perfect similarity) in some cases. This behaviour is expected as it is due to the strong bias affecting the estimation of the PMA index in cases of near perfect similarity (Ärje et al., 2016) . For the quasi-uniform evenness, the superiority of the EB method is particularly obvious with a significant difference between the two methods. Also for both the smooth and concentrated profiles, the EB performs generally better than ML providing more unbiased estimates in almost all situations. But in these cases the ML approaches the EB performance, with levels of the respective sampling RMSE which are comparable. Empirical results for the simulation model closer to the Multinomial type model (γ = 100) are supported by the asymptotics presented in Ärje et al. (2016) (Theorem 1).
Euclidean similarity (Table 4 and Figure 6 ). For the Euclidean similarity, the difference between the two methods is marginal and the estimators are both unbiased although numerical values presented in Table 4 suggest a slightly improved performance of the EB method, especially for the quasi-uniform profile. The values of the sampling RMSE are always significantly small for both methods. The stability of the Euclidean similarity with regards to the model used was observed also in a study by Ärje et al. (2017) that used simulations to assess the effect of classification errors on the values of different indices.
<Table 5>
In Table 5 , the relative efficiency of the EB estimation compared to the ML estimation is reported with respect to the different simulation scenarios and profiles. As an indicator of efficiency, we consider the sampling ratio between the inverse of the empirical Bayes root mean squared error (denoted by RM SE EB ) and the inverse of the maximum likelihood root mean squared error
In the last column of Table 5 , we report also the relative efficiency computed (partially) for each profile and (totally) for each indicator (see the Appendix B for details). The relative efficiency Eff EB/M L allows us to quantify the superiority(> 1) or inferiority (< 1) of the EB method with respect to the ML method. When Eff EB/M L is close to 1, the two methods are equivalent in terms of efficiency. For the Shannon entropy, EB gets the highest level of superiority with the quasi-uniform evenness when samples are small (α = 20) and the level of overdispersion is intermediate (γ = 10). In this case, the relative efficiency is equal to 42.4, that is the EB estimation is around 42 times more efficient than the ML estimation. For the Shannon entropy, the EB is more efficient than ML for all the three profiles, with values of Eff EB/M L equal to 3.2, 2.1, and 1.9 respectively. For the Simpson diversity, independently of the sample size, the ML is superior to the EB for the concentrated profile when overdispersion is not high. In these 6 situations, the EB performs with 60% to 80% of the ML efficiency and for this profile, EB is 11% less efficient than ML. In all the other situations EB is superior with the relative efficiency Eff EB/M L between 1.1 and 37.3. For the quasi-uniform and smooth profiles, EB is more efficient with values of Eff EB/M L equal to 2.7 and 2.1 respectively. For the PMA index, in some situations the two methods perform at the same level of efficiency (when Eff EB/M L is close to 1) but the EB is more efficient than ML for all the profiles, with an increase in efficiency of 90% (Eff EB/M L = 1.9), 10% (Eff EB/M L = 1.1), and 10% (Eff EB/M L = 1.1) respectively. For the Euclidean similarity, the superiority of the EB estimation is evident when the profile is quasi-uniform or smooth with Eff EB/M L equal to 2.6 and 1.5 respectively, while for the concentrated profile the two methods present approximately the same level of efficiency with Eff EB/M L equal to 1.1. In summary, the EB method performs generally better than the ML method in both the assessments of diversity and similarity. The relative efficiency Eff EB/M L for each indicator is equal to 2.4 (Shannon entropy H), 1.1 (Simpson diversity D), 1.4 (PMA index I), and 1.4 (Euclidean similarity E); with an increase in efficiency of 140%, 10%, 40%, and 40% respectively.
An application to real data
In the simulation study above, the true underlying species profile that produces the samples is known. With this knowledge, we can objectively assess the best estimation method and evaluate how much variation and bias is created in the index values due to different estimators of species proportions. However in practice, the true profile is not known. When sampling a waterbody for biomonitoring and targeting, e.g. macroinvertebrates or diatoms, the use of all the information contained within one sample can be compared through the index values obtained with the different methods. To study the difference between the proposed empirical Bayes estimation and the classical Multinomial maximum likelihood estimation by using real data, we utilize an available set of Finnish data with information on the taxonomic composition of benthic freshwater macroinvertebrates. The data have been collected in the national biomonitoring program for purposes of ecological status assessment under the European Union Water Framework Directive (http://data.europa.eu/eli/dir/2000/60/oj for details) during 2006-2012. We use a set of 484 samples belonging to 12 Finnish stream types categorized according to their location (southern, northern), their size (small, medium, or large) and soil typology (peatland or woodland). Further, each stream type has samples from both reference sites considered to be unimpacted by human actions and impacted sites, resulting in a total of 24 stream categories. The number of samples for each individual stream category varies from 3 to 129. Sample sizes display a great deal of variation. For the reference sites, the sample size varies from 19 to 13820 individuals with an average sample size of 1367. For the impacted sites, the sample size varies from 40 to 11780 individuals with an average sample size of 1444. With this data, we expect that the differences between methods are small due to large sample sizes, fortunately decreasing the effect of overdispersion. Before the use of the empirical Bayes estimator, we need to know or fix the number of taxonomic classes. We listed all the species found within each of the 24 stream types and assumed that if a species was found once within one stream type, it could be present in any of the sampled communities of that type. As a result, the number of categories for the reference streams varies from 46 to 103 and for the impacted streams from 45 to 123. After having the value for k, we estimate the species proportions for each sample with the empirical Bayes method and the maximum likelihood method, and calculate the index values to study if there are differences between the two estimators. Since the true reference profile needed for the calculation of the PMA index I and the Euclidean similarity E is not known with real data, the comparison is restricted to the Shannon entropy H and the Simpson index D, separately for the reference and impacted samples. In Figures 7-10 , the effects of the sample size and the overdispersion on the estimates of indices are compared. When considering the Shannon entropy for reference and impacted sites, we find that the EB results in slightly higher estimates than the ML method ( Figures  7-8 ). The range of average differences between estimators are (0.024, 0.198) with mean equal to 0.072 and standard deviation equal to 0.046 for reference sites, and (0.029, 0.144) with mean equal to 0.072 and standard deviation equal to 0.032 for impacted sites. As expected, the estimates of indices are more similar when the sample size is larger (Figures 7-8 ). For the Simpson index, the estimates obtained with EB and ML are almost equal, except for some samples with very small size (Figures 9-10 ). The range of average differences between estimators are (-0.010, -0.001) with mean equal to -0.004 and standard deviation equal to 0.002 for reference sites, and (-0.007, -0.002) with mean equal to -0.004 and standard deviation equal to 0.002 for impacted sites. The range ofη for the reference sites is 3.3-17.4 and 1.6-18.2 for impacted sites. In the simulation experiment with an intermediate level of overdispersion due to heterogeneity (γ = 10), the EB method was always less biased than ML for the Shannon entropy. For the Simpson diversity, the EB and ML methods produced estimates quite equal with the same level of overdispersion, when the profile is smooth and sample size large, and when the profile is concentrated. 
Conclusion
The assessment of community diversity and the evaluation of similarity between communities is of great interest when monitoring the status of ecosystems. All current diversity and similarity indicators are based on the estimates of the taxonomic composition of such communities computed from samples and tacitly assume the classical Poisson-Multinomial model. But there is a serious and realistic question: How does the potential overdispersion present in the available data affect our results? Overdispersion in the response variable such as taxonomic counts may be the result of the action of significant environmental factors, with effects of clustering within the community and heterogeneity in its composition. In the current setting, we assumed that these factors are unobservable, which is often true with real data applications. Then, following the empirical Bayes approach combined with the marginal likelihood method, we presented a Bayesian model accounting the presence of overdispersion with a novel estimation method of the taxonomic proportions. We used a noninformative symmetric Dirichlet prior combined with the Multinomial likelihood. The concentration parameter of the Dirichlet prior was estimated using the respective compound Dirichlet-Multinomial model while the taxonomic proportions were estimated as the Bayesian posterior means.
The methodologically relevant novelty of our proposal is the ability to jointly estimate both the taxonomic proportions and the concentration parameter with only one sample. The important assumption underlying our method is the validity of the symmetric prior that allows us to consider the data similar to realizations of exchangeable variables, with the ability to estimate an average level of overdispersion between the taxonomic counts collected from one sample. An advantage of the adopted empirical Bayes approach is that it is a data driven method with a computationally easy and fast solution based on the Newton-Raphson optimization. The only problem in our applications is the potential fault of the NewtonRaphson algorithm when the marginal likelihood is significantly flat, i.e. the observed counts are too similar to each other and do not include the necessary statistical information to get a numerical approximation of the parameter η. This situation may occur with data from a community with complete uniform evenness and low overdispersion but is extremely unlikely to happen with samples of real biological communities. Our proposal was evaluated through a simulation study with four indicators typically used in biodiversity assessment of ecosystems: the Shannon entropy, the Simpson diversity, the percent model affinity, and the Euclidean similarity. The performance of our approach was compared to the classical maximum likelihood method in terms of sampling distribution of each estimated index when matched to the respective true value. In the simulation experiments, we considered three types of community composition (quasi-uniform, smooth, and concentrated) related to 200 taxonomic categories, three levels of overdispersion due to heterogeneity, one level of overdispersion due to clustering, and three values of expected sample size.
From the results, we can assert that the proposed empirical Bayes estimation generally performs better than the classical maximum likelihood method in both the assessments of diversity and similarity. In some situations the ML estimation approaches the EB estimation (large samples with low overdispersion) and in 6 of 108 cases (in total, we simulated 27 scenarios for each of four indicators) the ML method is more efficient than the EB estimation with the Simpson diversity. The EB method performs significantly better with small samples. This is due to the property of Bayesian procedures to produce parameter estimates which are smooth towards the prior mean. Therefore, when the sampling information is poor, i.e. sample size is small, the empirical Bayes estimation uses the additional information included in the prior distribution model. In fact, the superiority of the empirical Bayes is particularly obvious when the evenness is quasi-uniform. This is expected as the quasi-uniform profile is the closest to the prior choice of symmetric Dirichlet distribution. For the concentrated profile the performance of the two methods are more comparable. However, for the smooth profile, which is the most common situation with real applications, the EB always provides the most efficient estimates. The observed difference in the estimates of biodiversity indices due to overdispersion are generally relatively small, but still point out the importance of model choice. Our simulation study results demonstrate an overall superiority of the EB approach. The better performance of the ML method for the Simpson diversity in some scenarios does not significantly impede on the overall utility of the EB estimation. Arguably in those few cases EB would produce only slightly more conservative estimates unlikely to change the overall assessment. Thus in conclusion, when using the EB approach as an additional tool, error propagation due to inherent properties of biological data becomes less likely which improves managerial decisions. Therefore, we would recommend practitioners in biomonitoring to use EB which is more efficient with high level of overdispersion in small samples and also handles other situations well. However ML is recommended in situations of low overdispersion in large samples.
In both the simulation study and the real data application, we focused on communities characterized by a large number of taxonomic categories, i.e. with a high level of richness, such as diatoms, phytoplankton, aquatic macroinvertebrates, or bacteria. The effects of varying richness on the statistical distribution of diversity and similarity indicators is deferred to subsequent work. The proposed model is designed for one sample with a fixed sample size such that overdispersion due to heterogeneity can be properly assessed. In our current setting, specific overdispersion due to clustering can be only partially accounted for. Proper consideration of overdispersion of this type would require the extension of our empirical Bayes approach to several samples through the inclusion of a Gamma-Poisson component to model the randomness of the parameter λ. Such a generalization may be one of the challenges in the future. As a further possible extension, the number of taxonomic categories k might be also considered as a random quantity allowing to include into the model an additional source of overdispersion. Furthermore, when the sources of overdispersion are known, the Bayesian scheme can include also the effect of covariates in a Multinomial logistic regression framework.
Computation. The algorithm for the empirical Bayes estimation and the simulation procedures were implemented in R. Codes and simulated data are available from the authors. Tab. 1: Shannon entropy H, sampling mean, standard deviation (SD), bias, and root mean squared error (RMSE) of the empirical Bayes (EB) and maximum likelihood (ML) estimates, with respect to the different simulation experiments.
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